In order to explore a prior warning to catastrophic rupture of heterogeneous media, like rocks, the present study investigates the relationship between surface strain localization and catastrophic rupture. Instrumented observations on the evolution of surface strain field and the catastrophic rupture of a rock under uniaxial compression were carried out. It is found that the evolution of surface strain field displays two phases: at the early stage, the strain field keeps nearly uniform with weak fluctuations increasing slowly; but at the stage prior to catastrophic rupture, a certain accelerating localization develops and a localized zone emerges. Based on the measurements, an analysis was performed with local mean-field approximation. More importantly, it is found that the scale of localized zone is closely related to the catastrophic rupture strain and the rupture strain can be calculated in accord with the local-mean-field model satisfactorily. This provides a possible clue to the forecast of catastrophic rupture.
Introduction
The catastrophic rupture of heterogeneous brittle media, like rocks and the earth's crust, presents complexity [1] [2] [3] [4] [5] [6] [7] [8] [9] , especially exhibits sample-specificity [7] [8] [9] . It implies a great diversity of rupture thresholds for samples with identical initial macroscopic properties. This results in a tremendous difficulty in the prediction of catastrophic rupture. A possible strategy to deal with the problem is to search for some common, but specific precursors of catastrophe.
Numerous observations in laboratory compression tests on rocks and concrete revealed that the deformation becomes localized somewhere in a specimen ahead of the peak load [10] [11] [12] [13] . On the other hand, it is well known that as soon as the elastic energy stored in the testing system, like the machine, becomes greater than the fracture energy of the specimen, the catastrophic rupture will occur [12, 14, 15] . However, it was observed that even for the so called stiff testing machine, catastrophic rupture still can happen [10] [11] [12] [13] . It is supposed that this should be attributed to the localization of damage and deformation of specimen. But, the problem how the localization is related to the every value of catastrophic rupture strain remains open till now.
The strain localization has been analyzed as a bifurcation in the constitutive description of homogeneous deformation [16, 17] . On the other hand, it was found recently that for heterogeneous media macroscopically localized damage may serve as an early precursor to rupture [18] [19] [20] . However, these previous works precludes post-localization analysis, hence unable to provide a definite relation between localization and rupture. In fact, no matter how thin it may be, a localized zone (or fracture zone) has its own width [21, 22] . Therefore, to unveil the relationship between the localization and rupture is really a challenge and opportunity.
The objective of the present work is to elaborate the dependence of catastrophic transition of specimen on localized zone. Firstly, the results are outlined based on global mean-field approximation [23] [24] [25] and the driven nonlinear threshold model [26] . Then, an instrumented observation of spatiotemporal evolution of surface strain and catastrophic rupture of rock specimens under uniaxial compression is reported. As anticipated, the results based on global mean-field model deviate far from the observed values. This means that the global mean-field approximation is insufficient to represent rupture of a specimen because localization develops severely ahead of rupture. Therefore, our interests were focused on the formation of localization and the determination of the localized zone width. Actually, the evolution of surface strain pattern reflects the damage evolution of the sample and the width of damage localization zone is one of important parameters to predict the occurrence of rupture. Then, the analysis based on localmean-field approximation, i.e., applying mean-field approximation to the localized zone and its surrounding area separately, is introduced. According to the localized zone scale, the rupture strain in experiment can be calculated according to the analysis and the calculated and measured strains at rupture agree very well with each other.
Rupture prediction based on global mean-field approximation
In order to formulate the catastrophic rupture in heterogeneous media easily, the analysis is started with global mean-field approximation [23] [24] [25] , To analyze the effects of mesoscopic heterogeneity, the Weibull probability distribution function [27] 
is adopted to characterize the strength distribution of mesoscopic elements in this model, where r c is the strength of mesoscopic elements, g is proportional to mean strength, and m is the shape parameter (Weibull modulus) characterizing the degree of heterogeneity. For an elastic mesoscopic element, the strain threshold is
where E 0 is the elastic modulus of pristine state. So the expression (1) can be rewritten as
In light of the driven nonlinear threshold model [26] , once an element reaches its stress threshold r c (strain e c ), it is assumed to be damaged, Accordingly, the continuum damage D can be defined and expressed as
where e denotes the nominal strain of the specimen.
Here, global mean-field approximation is adopted, i.e., the fields of stress, strain and damage are assumed to be uniform, approximately. Then, according to continuum damage mechanics, the relation between stress and strain is
The combination of Eqs. (4) and (5) gives the stressstrain relation,
The catastrophic rupture occurs when the slope of load-displacement curve of a specimen is equal to the unloading stiffness Àk machine of test machine. So, if the fields of stress, strain and damage keep uniform until catastrophic rupture, the catastrophe condition can be expressed as [12, 14, 15 ]
where A and l are the cross area and the height of a specimen respectively. The left side of Eq. (7) is the slope of load-displacement curve of a specimen.
Once the probability distribution function of mesoscopic strength hðe c Þ can be determined from experimental data, one can calculate the rupture strain e F;G according to Eq. (7), where subscripts F and G denote rupture and global mean-field approximation, respectively.
In the following it will be described that how to experimentally determine the parameters m, g and E 0 involved in the model [28] . Firstly, the slope of the experimental r À e curve can be calculated ( Fig. 1) . Generally, the early increase in the measured dr=de is due to the elastic closing of cracks [16, 29] and has little influence on the following analysis. So, the point Q corresponding to the maximum slope of the r À e curve, is chosen as the starting point where the above mentioned model can be used, and an assumption is adopted that ðdr=deÞ Q is approximately equal to E 0 . Then, it is supposed that the part of r À e curve lower than point Q is linear elastic with E 0 (a straight line) and shift the combined r À e curve, i.e. the measured part beyond point Q and the elastic part with E 0 , horizontally till the origin, (see Fig. 1 ). Therefore, a processed integrated experimental nominal stress-strain curve (the dash line in Fig. 1 ) is obtained. Now, the other two parameters m and g can be obtained, by fitting the processed stress-strain curve to Eq. (5) and minimizing the following function,
where e t and r t are the processed experimental nominal stress and strain respectively, and r i is the normalized stress of the model (Eq. (6)). The three fitting parameters of 6 specimens are shown in Table 1 respectively. With these parameters, a theoretical nominal stress-strain curve can be obtained in accord with Eq. (6). The agreement between the calculated and experimental nominal stress-strain curves appear quite good prior to the peak stress (see Fig. 2 ). Meanwhile, the calculated damage fraction at point Q is much less than that at peak stress, e.g., for specimen 1, the former is 0.004 and the later is 0.216. So, the effects of damage before point Q on the fitting parameters can be ignored.
The catastrophe transition of a specimen is due to the release of elastic energy stored in the testing system, like the testing machine [12, 14, 15] In our experiments, the stiffness k machine of the loading (including columns, hydraulics and platens) shows slight variation in the test as shown in Table 1 . Now, the rupture strain e F;G of specimen can be calculated based on the global mean-field model and the stiffness k machine of testing machine, by means of Eq. (7). The calculated rupture strains e F;G and their comparisons to the measured rupture strains e F;m are shown in Table 1 . Compared to the measured values, the mean relative deviation of calculated rupture strains in 6 tests is about 17%. Clearly, the deviation is unacceptable in engineering. In particular, all the 6 calculated rupture strains are greater than those of measured values, hence the rupture forecast based on the global mean-field approximation seems to be too rough, even dangerous.
In fact, our experimental observations have demonstrated clear deformation localization ahead of rupture. Hence though the principle of rupture occurrence owing to the release of elastic energy stored in the testing system may remain valid, the global mean-field approximation fails to the rupture discussion. Therefore, it is necessary to pay special attention on damage and deformation localization experimentally and theoretically. In the following sections, some detailed experimental observations of deformation localization and the corresponding local-mean-field approximation for the rupture forecast will be provided.
Experimental method for surface strain-field measurement
Digital speckle pattern metrology [30, 31] has been widely applied to the measurement of deformation of materials and structures. Also, digital speckle correlation method (DSCM) [28, 32] has been applied to measure deformation field of rock. In this paper, in order to explore the process from localization to eventual rupture, a similar digital speckle correlation method is adopted to examine the spatio-temporal pattern of the surface deformation fields of specimens.
The uniaxial compressive experiments were performed on granite. The testing machine is servocontrolled and the specimens with dimensions of 20 Â 16 Â 40 mm 3 were loaded at a constant rate of 0.02 mm/min.
The digital speckle correlation method (DSCM) was coordinated with the loading system in order to detect the localization of deformation. The digital image, acquired by a charge-coupled-device (CCD) camera with a resolution of 768(H) and 576(V), was immediately transmitted to image capturing board on a personal computer and recorded on a hard disk. After the experiment, the deformation fields of each test were calculated by the image analysis software developed by the Department of Modern Mechanics, The University of Science and Technology of China (USTC). The photographic resolution is about 0.05 mm/pixel. Before testing, calibration was carried out. The size of an element used to calculate strain is taken to be 30 pixels. The measured fluctuation of strain is less than 200 le, whilst the rupture strain is greater than 2000 le.
Experimental results for evolution and localization of surface strain
In this section, as an example, the data of specimen 1 (Figs. 4-8) will be analyzed. In all figures of this paper, the axis x is set as vertical to the eventual rupture surface and its origin (x = 0) is just at the rupture surface (Fig. 3) . In addition, time t = 0 was set at the occurrence of the eventual rupture, so the negative values, like t = À27 s (Fig. 4) , means the time lag ahead of the rupture. As shown in Figs. 4 and 5 show the distribution of e i À hei and dðe i À heiÞ=dt on the whole surface (Fig. 3 ) of specimen 1 at various times respectively. The fluctuations of strain are random at early stage (t = À27 s). Prior to rupture (from t = À1.2 s to t = 0 s), significant strain localization develops adjacent to the plane x = 0.
A spatio-temporal pattern of the strain fluctuation of specimen 1 is shown in Fig. 6 . It is found that there are two phases in the evolution of strain fields.
The duration of phase I is much longer than that of phase II. In phase I, the strain is nearly homogeneous with weak fluctuations, and the strain pattern evolves slowly. Afterwards, the nucleation and accelerating development of localization appear. This is phase II, which eventually leads to a significantly localized zone, namely the rupture surface.
In order to depict the accelerating evolution in phase II, the spatio-temporal pattern of strain fluctuation rate is shown in Fig. 7 . From this figure, it is clear that the strain fluctuation rate in phase II increases rapidly in the localized zone with high strain.
The formation of localized zone can be attributed to the connection of spots with unstable development of local strain. In order to identify the unstable spots, the conditions dðe i À heiÞ dt > 0 and ðe i À heiÞ > 0 ð9Þ were used as the unstable development of local strain. Fig. 8 shows a spatio-temporal pattern of the unstable points on the whole specimen. The marks in Fig. 8 represent the Spatio-temporal state at which e i satisfies both ðe i À heiÞ > 0 and dðeiÀheiÞ dt > 0. It can be observed that some unstable points on the specimen may disappear outside localized zone, whilst the others form a persistently localized zone, as the enlarged figure (Fig. 9) shows.
Hence, the localized zone at time t can be defined to be the region, where both ðe i À heiÞ > 0 and dðeiÀheiÞ dt > 0 are satisfied afterwards. Then, the width of localized zone can be determined accordingly. Fig. 9 shows the process that the unstable points in the localized zone become persistent when the unstable points outside this zone become disappear. The solid squares in Fig. 9 represent the spots, where the above-mentioned inequalities are satisfied afterwards. Therefore, the width of eventual localized zone can be estimated to be 6.7 mm, approximately, nearly one sixth of the specimen dimension. In addition, the eventual rupture surface forms within the localized zone.
Local-mean-field approximation based on damage localization
When localization of deformation and/or damage occurs, a specimen can be depicted as two parts, see Fig. 10 , i.e. a localized zone with going on deformation and/or damage and a non-localized zone with potential release of elastic energy. As before the testing machine remains the other elastic part with stiffness k machine . At early stage, the same damage develops in the two parts. But after localization, the damage or deformation concentrates in the localized part. When the release of the elastic energy stored in the machine as well as in the non-localized part become greater than the fracture energy of the localized part, a catastrophic rupture will appear.
In the following, a relation between the catastrophic rupture and the localized zone scale will be derived, based on a driven nonlinear threshold model and local-mean-field approximation. The elastic modulus of pristine specimen is assumed to be homogeneous and is made as unit. It is also assumed that both the height of specimen l and the area of specimen's cross section A are unit. Based on local-mean-field approximation, the damage fraction of part 1 and part 2 can be expressed as
where hðe c Þ is initial probability distribution functions of breaking threshold e c of mesoscopic elements for part 1 and part 2. hðe c Þ is adopted as Weibull distribution functions provided g is made as unit, i.e:
and Eq. (10) can be rewritten as
gÞ
The strain of a specimen can be expressed with the strain of these two parts as
is the relative scale of localized zone, l 1 and l 2 are the initial heights of part 1 and part 2, respectively, and l ¼ l 1 þ l 2 . Here, part 2 corresponds to the localized zone of damage.
The normalized constitutive relation and the mechanical equilibrium condition can be expressed as
At the early stage of loading the specimen is weakly damaged and the strain field keeps uniform e 1 ' e 2 .
The localization point, denoted by e ¼ e L , is defined that the damage becomes mainly concentrated in one part, i.e., part 2, and no further damage will occur in part 1. Thus, the damage fraction of part 1 is assumed to be a constant
hðe c Þde c (see Eq. (10) after the localization point.
The catastrophic rupture will appear at the higher damaged part, i.e., part 2. Then the rupture condition is that the slope of force-displacement curve of the part 2 d½ð1 À D 2 Þe 2 =ðcde 2 Þ is equal to a negative value À1=ðð1 À cÞ=ð1 À D 1 Þ þ 1=k m Þ, the stiffness of the combination of testing machine and part 1, i.e.
where the damage fractions D 1 and D 2 are determined by Eq. (10) respectively. Eq. (14) with Eq. (10) gives the rupture strain of part 2 e F;2 as a function of k machine , e L and c: e F;2 ¼ e F;2 ðk machine ; e L ; cÞ. From Eqs. (12) and (13) 
where subscript L denotes local-mean-field approximation. Clearly, the nominal rupture strain e F;L is dependent on c, the scale of localized zone. In addition, Eq. (15) together with Eqs. (10 0 ), (11) and (14) can give the calculated rupture strain e F;L . Now, a case with shape parameter m = 3 is considered and its damage localization transition appears at the maximum load. Subsequently, loading and unloading appear in part 2 and part 1 separately. In this case, e L ¼ e rmax . The dependence of catastrophic rupture point on the scale of damage localization zone is shown in Fig. 11 (c vs. e 2 ) and Fig. 12 (e F;L vs. c), where the normalized stiffness of testing machine is taken as k machine ¼ 1:433. It is found that the nominal strain at catastrophic rupture e F;L decreases with decreasing c. In other words, the higher localization, i.e., the smaller scale of localized zone, the higher risk of catastrophic rupture.
It is noticeable that the damage localization generally appears before catastrophic rupture in the system initially described by uniform statistical distribution function with unique shape parameter m, owing to the deviations of damage field and stress field from the mean-field approximation. In fact, the damage localization transition and the scale of localized zone are related to mesoscopic details, i.e., the coupling between disordered mesoscopic heterogeneity and the microdamages will induce the redistribution of stress field.
Rupture prediction based on localized scale
Now, the rupture strain of specimen can be predicted by making use of Eqs. (13) and (14) based on the obtained parameters (m; g; E 0 and k machine ) and the experimentally observed localized zone scale c. The calculated strains e F;L at rupture of 6 specimens are shown in Table 1 . These values are very closer to the observed ones. The mean relative deviation 6% of the results based on the local mean-field approximation is much less than that of global mean-field approximation (17%). In addition, unlike the too great rupture strains obtained by the global mean-field model, a half of the calculated rupture strains based on the local mean-field approximation are less than the observed values, hence the local mean-field model is much more meaningful.
Discussions and conclusions
The experimental observations demonstrate that there are two phases in the spatio-temporal surface strain pattern of granite under compression. The later phase II is characterized by an accelerating localization and is closely related to catastrophic rupture. The accelerating evolution of localized strain in phase II implies a sensitive response of the specimen to external loading prior to the eventual rupture. Also, the eventual rupture surface is located in the localized zone with high strain. Hence, the investigation of the relation between strain localization and catastrophic rupture is crucial to the search for precursors of rupture.
In comparison with the experimental measurements, the global mean-field approximation always leads to much later rupture occurrence, hence, it seems to be to rough and even dangerous in rupture forecast. Obviously, this is because the global meanfield approximation neglects the appearance of localized zone ahead of rupture. However, together with experimental results before the peak stress, the approximation can provide a necessary estimation of the heterogeneous parameters of specimen. These parameters, like the shape factor of Weibull distribution, are significant in catastrophic rupture.
With these obtained parameters and based on local mean-field approximation, which takes the appearance of localization into account, it is found that the strain of catastrophic rupture can be calculated properly, provided the localized zone scale is available experimentally. The calculated rupture strains are in good agreement with the experimental results, with mean deviation 6%. So, the local meanfield model is a very promising approach to the forecast of catastrophic rupture.
